We show that under minimal assumptions, the intrinsic metric induced by a strongly local Dirichlet form induces a length space. A main input is a dual characterization of length spaces in terms of the property that the 1-Lipschitz functions form a sheaf.
Introduction
A metric space (X, d) is said to be a length space or path metric space, whenever any two points in this space can be joined by a path with length arbitrarily close to the distance of these points. One main result of the present paper is that the intrinsic metric coming from a Dirichlet form gives a length space, whenever this intrinsic metric makes proper sense. This should be seen as complementary to results by Sturm [21] , who considered the intrinsic metric under the additional assumption that all closed balls are compact and proved that then one even gets minimizing geodesics, i.e., paths with length equal to the distance. The classical energy form on open subsets of euclidean space shows that in general one will not encounter this more restrictive condition.
In the investigation of the intrinsic metric of Dirichlet forms it turned out that a certain dual object of X, Lip 1 , the space of 1-Lipschitz functions plays a central role: More precisely, the question whether Lip 1 is a sheaf will be crucial for the path metric property of a metric space. Here, we say that Lip 1 is a sheaf, if every function that is locally 1-Lipschitz is already globally 1-Lipschitz.
After introducing the necessary notions in the following section, we turn to open subsets of euclidean space as a class of examples for which we can already illustrate the main questions and ideas. Then we prove the above mentioned dual characterization of length spaces and the final section is devoted to the proof of the fact that Dirichlet metric spaces are length spaces.
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Basic notions
A metric d on a set X is a mapping d : X × X → [0, ∞) such that d(x, y) = 0 if and only x = y, that satisfies the triangle inequality d(x, z) ≤ d(x, y) + d(y, z). If d is allowed to take values in [0, ∞] we speak of a metric in the wide sense. We write B(x, r) := {y ∈ X | d(x, y) ≤ r} and U (x, r) := {y ∈ X | d(x, y) < r} for the closed and open balls, respectively. A continuous mapping γ : I → X from an interval I ⊂ R to X is called a path. A metric in the wide sense induces a length structure in terms of
The path metric induced by d is given by
with the usual convention that inf ∅ = ∞. See [11] for an axiomatic treatment of length structures that are not based on an a priori given metric. The triangle inequality gives that d(x, y) ≤ d ℓ (x, y) and we say that (X, d) is a length space, provided that d = d ℓ .
A canonical dual object for metric space is the space of 1-Lipschitz functions. Here are the respective notions: For U ⊂ X denote 
for every subset V ⊂ X and all x, y ∈ V . The meaning of this observation will become clear immediately, when we discuss the intrinsic metric.
Dirichlet metric spaces.
The main application of our dual characterization and the starting point for the present paper are metrics induced by a strongly local, regular Dirichlet form, a notion we now briefly introduce. The starting setup is a locally compact metric space X endowed with a regular Borel measure m and a Dirichlet form E in L 2 (X, m). We refer to [4, 8, 9, 16] for a thorough treatment of Dirichlet forms, a notion that goes back to [1, 2] . The example one should keep in mind is the classical Dirichlet form
where Ω is an open subset of R d and dx denotes integration with respect to Lebesgue measure. A Dirichlet form is called regular, if its domain D(E) is dense both in (C c (X), · ∞ ) and in (D(E), · E ), where the energy norm · E is defined by
2 and can be thought of as an analogue of the first order Sobolev norm, which appears for the classical Dirichlet form, as the reader will immediately notice.
If a regular Dirichlet form is strongly local, i.e., if
then E can be represented in a way quite similar to the classical Dirichlet form. Namely, there exists a bilinear mapping Γ from D(E) to the set of signed Radon measures
This so called energy measure or Lagrangian can be defined via
It can be extended to
and inherits several important properties of the underlying Dirichlet form. E.g., Γ is strongly local as well, meaning that, for open V ⊂ X and f ∈ D loc :
Given the energy measure Γ, we can finally define the intrinsic metric in the following way: Consider
where the latter inequality signifies that dΓ(f, f ) is absolutely continuous with respect to the underlying measure m with Radon-Nikodým boundary bounded by 1. In analogy with the classical Dirichlet form, A 1 can be thought of as those continuous functions, for which the gradient is bounded by 1 in norm. We set
and call it the intrinsic metric induced by E, see [3, 19, 21] ; some properties of the set A 1 can be found in the appendix of [5] . We will always assume that E is strictly local, by which we mean that d Γ above is a metric in the wide sense and induces the original topology on X. Note that d Γ (x, y) = ∞ occurs naturally if x and y are in different connected components of X, as was also discussed in [21] .
The classical Dirichlet form on open subsets of
Throughout this section Ω denotes an open subset of R d . We will consider the usual euclidean metric ρ as well as the intrinsic metric d Γ induced by the classical Dirichlet form defined above. In that case
and Of course, this example doesn't come as a surprise in view of Theorem 3.2 below. We now relate the intrinsic metric d Γ to the euclidean metric and obtain an explicit formula. We are not aware of any reference for this simple fact: Proof. Pick x, y ∈ Ω. If x and y lie in different connected components U and V of Ω then ρ ℓ (x, y) = ∞, since there is no path joining the two points. But d Γ (x, y) = ∞ as well, as can be seen from picking f n := n1 V ∈ A 1 as trial functions:
If ρ ℓ (x, y) < ∞, we can find r > 0 such that B(x, r) ⊂ Ω. Since the ball is convex we see that
which implies that f : Ω → R, f (y) := ρ ℓ (x, y) for ρ ℓ (x, y) < ∞ and 0 else, defines a function in A 1 . This gives
Conversely, let f ∈ A 1 and γ : [0, 1] → Ω be a polygonal path from x to y. Then
By taking the inf over all path γ, we see that
This gives d Γ (x, y) ≤ ρ ℓ (x, y).
Since we have now calculated d Γ explicitly, we can record some simple consequences:
Remark 2.4. Like for the euclidean distance, (Ω, d Γ ) is complete if and only if
is a length space, since (ρ ℓ ) ℓ = ρ ℓ for any metric; see [11] , 1.6. This gives a family of natural examples for which Dirichlet metrics are locally complete but not complete. In particular, our result Theorem 4.1 below, that all Dirichlet metrics define length spaces cannot be obtained from some Hopf-Rinow type result, as was done in [21] under the additional assumption of completeness. See also [11, 18] .
Path metric property and Lip
1 .
In order to find a path with length close to the distance between x and y in a metric space one has to manage to find approximate midpoints, i.e., for every x and y and ε > 0 there should be a z such that
We will see now that such a property follows from sheaf properties of Lip 1 . In this section, (X, d) denotes a metric space. Although the proof is clearly inspired by the proof of Lemma 3 in [21] , both the assumption and the assertion are in fact quite different. It could also and will be used for Dirichlet metric spaces, where the defining function class A 1 is a sheaf. Here is our first main result: 
Since [0, 1] is compact, there are finitely many 0 = t 1 < . . . < t m = 1 such that
Using the triangle inequality and the 1-Lipschitz property in the appropriate neighborhoods, we get:
Since ε > 0 was arbitrary,
To prove the converse, we want to show that, for fixed x ∈ X, the function
If this is accomplished, we get that f ∈ Lip 1 using our assumption that Lip 1 is a sheaf, and f ∈ Lip 1 gives the desired inequality:
The first thing we have to check is that f is properly defined, namely that d ℓ (x, y) < ∞ for all y ∈ X. The crucial step in this direction will also establish the local 1-Lipschitz property; denote X 0 := {y ∈ X | d ℓ (x, y) < ∞}: Claim: If d ℓ (x, y) < ∞, there exists r > 0 such that B(y, r) ⊂ X 0 and for all y 0 , y 1 ∈ B(y, r):
We have to find r > 0 such that every two points y 0 , y 1 ∈ B(y, r) can be joined by a path with length arbitrarily close to d(y 0 , y 1 ), since this obviously implies the claim. The existence of approximate midpoints settled in the preceding Proposition plus completeness (which we do have locally) will allow us to construct the desired path. This conclusion is well established, see [11] , Theorem 1.8. So take r > 0 so small that B(y, 42r) is complete and 0 < ε 1 < )r); proceeding by induction, choosing a sequence of ε k that decays rapidely enough, like in the above mentioned reference, we find a map
that is uniformly continuous with
for all k ≤ 2 n − 1. This implies that d(γ(p), γ(q)) ≤ δ(1 + ε)|p − q| for each pair of dyadic rationals in [0, 1] . By completeness of the ball B(y, 42r), γ extends to a (1 + ε)-Lipschitz continuous path with length bounded by δ (1 + ε) .
From the claim we now get that X 0 is open and closed. Since x ∈ X 0 , X 0 is nonempty and so must agree with X. In fact, as we already observed above, Lip 1 can only be a sheaf if the underlying space is connected. The claim also gives f ∈ Lip 1 loc , which completes the proof.
Strictly local Dirichlet spaces are length spaces.
We now consider the setup introduced in Section 2 above: X is a locally compact space, E a strictly local Dirichlet form and so comes with an energy measure Γ, for which
separates the points of X and
defines a metric in the wide sense that induces the original topology on X. In particular, small enough balls will be compact and hence complete. Clearly,
Since also Lip Proof. The only difficulty we have to overcome is the fact that both d and the corresponding path metric d l may take the value ∞. But, as we see, that happens simultaneously. We fix x ∈ X. 1st
Step: d admits approximate midpoints. We can use the argument from the proof of Proposition 3.1, keeping in mind that the property defining A 1 is local and so A 1 is a sheaf. [21] . Conversely, the property proved in the first step combined with compactness easily gives midpoints and this implies that one gets local minimizing geodesics.
